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Abstract 

We study the action of non-Abelian T-duality in the context of A/" = 1 geometries with well 
understood field theory duals. In the conformal case this gives rise to a new solution that 
contains an AdSs x piece. In the case of non-conformal geometries we obtain a new back- 
ground in massive IIA supergravity that presents similar behaviour to the cascade of Seiberg 
dualities. Some physical observables are discussed. 
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1 Introduction 



T-duality, which in its simplest form states an equivalence between strings propagating on a 
circle of radius R and those on a circle of inverse radius a' /R, is a cornerstone of the web of 
dualities that exist within string theory and M-theory. A natural question to ask is whether 
T-duality may be generalised beyond the case of circular dimensions with U{1) isometries to 
strings whose target space contains non-Abelian isometry groups. In a pioneering work on 
the subject HI explains how to generalise the procedure introduced by Buscher (for Abelian 
T-duality) in 121 . Indeed, the process of gauging isometries, introducing Lagrange multipliers 
to enforce a flat cormection and integrating out the gauge fields to produce a dual model, was 
extended to the case of non-Abelian isometries. Other important foundational work on the 
subject includes Il3ll-ll6l. 

Beyond these initial breakthroughs two main difficulties emerged. Firstly it seemed rather 
hard to obtain "interesting" dual backgrounds in this manner and secondly the status of such 
non-abelian duality transformations as full symmetries of string (genus) perturbation theory 
is questionable. Nonetheless, it is reasonable to consider the role of non-abelian T-duality as 
a solution generating symmetry of the low energy effective action of string theory, i.e. su- 
pergravity. It is of particular interest to address this question in the context of the AdS/CFT 
correspondence |IZ|. 

A technical challenge that needed to be addressed, in light of the AdS/ CFT correspon- 
dence, was to understand non-abelian T-duality in supergravity backgrounds with Ramond- 
Ramond fluxes. This was first achieved in [81 and has been extended in a number of recent 
works in Q and IfTOl . A brief review of elementary aspects of non-Abelian T-duality can be 
found in IITTjI . Recently, a supersymmetric solution of Type IIB containing an AdS(, factor was 
constructed using non-Abelian T-duality in IIT2l . 

In this letter, motivated by the AdS/ CFT correspondence [7], we shall describe the utility 
and application of non-Abelian T-duality to Type II supergravity backgrounds with A/" = 1 
supersymmetry. We will find that (up to subtleties to be discussed) backgrounds of the form 
presented in [1311 are found, starting from trademark solutions in Type IIB and non-abelian T- 
dualising them. In particular, we will present two new solutions. One of the form AdS^ x x 
M4 in eleven-dimensional Supergravity and another in Massive IIA Supergravity that may be 
thought as the 'cascading' version of the first. Some subtle points will be discussed, but we 
leave a detailed study of the properties of these geometries for lfT4| . 
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2 The Technique of Non-Abelian Duality 



In this letter we consider Type II backgrounds that have a freely acting SU{2) symmetry such 
that metric may be decomposed as 

ds^ = Gfn,{x)dx^'dx" + 2Gfti{x)dx^'V +gij{x)L'L' , (2.1) 

where = 1, 2, . . . , 7 and V are the left invariant Maurer-Cartan forms V = —iTr{g^^dg). We 
also assume a similar ansatz for all the other fields. 

The non-linear sigma model corresponding to this background is 

S = j d^(TQf,yd+Xi'd-X' + Q^„3+X''LL + Q;^l;9_X'' + EijV^lJ_ , (2.2) 

where 

Qfiv — Gfii, + Bfi^ , Qpii = G^i + Bfii , Qi^ = Gifi + B,^, , = gij + bij . (2-3) 
To obtain the dual sigma model one first gauges the isometry by making the replacement 

d±g ^ D±g = d±g - A±g , (2.4) 

in the pulled-back Maurer-Cartan forms. In addition, a Lagrange multiplier term —i\x{v¥^ ) 

is added to enforce a flat connection. 

After integrating this Lagrange multiplier term by parts, one can solve for the gauge fields 
to obtain the T-dual model. The final step of the process is to gauge fix the redundancy, for 
instance, by setting g = 1. In this way one obtains the Lagrangian, 

S = I dVQ^,a+Xf'a_X^' + (3+z;, + a+X''Q^„)(£y + fi^v^)-\^-V^ - Qy,,a-Xn , (2.5) 

from which the T-dual metric and B-field can be ascertained. As with Abelian T-duality the 
dilaton receives a shift from performing the above manipulations in a path integral. 

In principle, one ought to repeat the above process in a formalism that caters for the full 
background including RR fluxes. However the correct transformation rules for the RR fields 
may be obtained with the following recipe (which can be motivated by for instance considering 
the pure spinor superstring as in IITSi for the related case of fermionic T-duality). One observes 
that after T-duality, left and right movers naturally couple to two different sets of vielbeins 
for the dual geometry. Since these two sets of frame fields describe the same metric they 
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are related by a Lorentz transformation which we denote by A. This Lorentz transformation 
induces an action on spinors defined by the invariance property of gamma matrices: 

n-ir"Q = A%r^ . (2.6) 

To find the dual RR fluxes one simply acts by multiplication from the right with this Q on the 
RR bispinor (or equivalently Clifford multiplication of the RR poly form). More explicitly, the 
T-dual fluxes P are given by 

P = P-n-^ , (2.7) 

where 

gO 4 05 
im: P= — Y2 hn+1 , IIA : P = - X] flu . (2.8) 

The chirality of the theory is preserved /switched when the isometry group dualised has 
even/ odd dimension respectively. Full details and general expressions for the dual geom- 
etry, including alternate gauge fixing choices, for the dual geometry will be reported in the 
forthcoming publication 11141 . 



3 The conformal case: T-dual of the Klebanov-Witten background 

In ^1611 the system of D3-branes at the tip of the conifold was studied. The gauge theory on the 
branes is an A/" = 1 superconformal field theory with product gauge group SU{N) x SU{N) 
and bifundamental matter fields. This gauge theory is dual to the Type IIB string theory on 
AdS^ X r'^'^) with N units of RR flux on the T^^'^\ The geometry and the 5-form self-dual flux 
form, are given by 

f(5) = ^(Vol(AdS5)-L5Vol(Ti,i)) . (3.1) 

Here T*^^'^) is the homogenous space {SU(2) x Sll{2)) with the diagonal embedding of 

the (i(l). It has an Einstein metric with R,y = Agij given by 

ds^(i,i) = kl{del + sin^ Bidcpl) + \\{del + sir? didcpl) + {d^ + cos didipi + cos 02^(^2)^ • 

(3.2) 

with A^ = A2 = g and A'^ = ^. In these conventions = ^gsNn ensures that the charge 
/ji,! F5 = 167r^N is correctly quantised for integer N. 
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We perform a dualisation with respect to the SU{2) isometry that acts on the 62, (p2, ^ coordi- 
nates. The result of the dualisation procedurqj is a target space with NS fields given by 

ds^ = ds\^g^ + Al{del + sin^ + ^^xloj 

+ ^ ((^1 + A^A2)dx? + {xl + Aj)dxl + 2xiX2dxidx2 



B - 



xiX2dxi + {x\ + X\)dx2 A , (3.3) 



where = dip + cos O^dcpi and 

A = A^zf + a2(x2 + a|) . (3.4) 

This geometry is regular and the dilaton never blows up. For a fixed value of {xi,X2) the 
remaining directions give a squashed three sphere. The metric evidently has a SU{2) x LZ(1)^ 
isometry. 

Following the procedure outlined above — see llMl for details — one can determine the RR 
fluxes that support this geometry to be 



8V2 ,4 



A| A sin^id^i A d9i , 



h = -^A?AU^ 



F4 = -^^^Xf A— sin Oidipi A d9i A dtp A {Alxidx2- A^X2dxi) . (3.5) 
gs A 

This background enjoys N" = 1 supersymmetry and its explicit Killing spinors can be 
determined by the expression 

?7 = O ■ // (3.6) 

where r] are the Killing spinors of the Klebanov-Witten background and the O matrix defined 
in (|2.6I) has the form 

O = ^Fn (-AA|Fi23 + AzXiFi + Ax2r3) . (3.7) 
V A 



One could anticipate this result since the U{1)r symmetry commutes with the SU{2) used 
in the T-duality. Hence one expects the corresponding isometry to be preserved after du- 
alisation. Indeed one can explicitly verify that the Killing spinors of the Klebanov-Witten 



^To obtain this we actually chose to fix the gauge symmetry by taking 62 = (p2 = V2 = 0, rather than simply 
^ = 1 since it makes manifest the residual isometries. Additionally for aesthetic reasons we rename Vi = Ixi and 
©3 = 2x2 arid set L = 1. 
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background have vanishing spinor-Lorentz-Lie derivative along the three Killing vectors that 
generate the SU{2) isometry. 

It is interesting to ask what are the charges of extended objects in this background. Because 
of the non zero NS two-form, the Chern-Simons terms play an important role and in general, 
the notion of charge that is quantised is the Page charge. There is a natural two cycle in the 
geometry, E2 = {9i,(pi}, over which the D6 charge can be measured by integrating F2. One 
finds that the D3 charge has been converted to D6 charge after dualisation. Since there is no 
natural four-cycle in the geometry there are no other natural D-brane charges; the activation 
of F4 is required to solve the supergravity equations of motion. 

A natural question to ask is, what is the field theory dual to this geometry. As a first step 
one might wish to calculate the central charge, which essentially is done by measuring the 
volume of the internal manifold. A remarkable feature of non-Abelian T-duality is that this 
volume is conserved in the following sense; 

Td^ Af .p. = e-^^ Td^ , (3.8) 

where Af p is the Fadeev-Popov determinant that arises from gauge fixing to obtain the dual 
sigma model. That is to say all of the complexity of the metric cancels against that of the dilaton 
leaving a rather simple result. As we will see in the non-conformal case this implies that the 
central charges match up to an RG scale independent multiplicative constant. Such a relation 
was first shown for gauged WZW models in |[T7|. but it is valid the context of non-Abelian 
duality as well. 

The lift to eleven dimensions (along the circle with coordinate x^) of the geometry we found 
in eq. (l3.3l) , is given by 

ds^ = Al/3 (ds^,,^ + A?(4 + 4)) + A-^/3 [(^2 + ^2^2)^^2 

+ {xl + \\)dxl + 2xiX2dxidx2 + X^^lxla^ + (^dx^ + , (3.9) 

where A is given in (13.41 ). The four-form flux field is given by 

1 

F4 = d{C3 + B A cfxj) = i^dx2 A cr| A £7-2 A + H A dxjj , (3.10) 

where H = dB is computed using the expression for B in (|3.3I >. 

Recently, a class of Af = 1 (generically non-Lagrangian) SCFT's found as the IR fixed 
point of the dynamics of M5-branes wrapped on a genus g surface Eg was engineered l|T3l[T8l . 
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These field theories enjoy not only aU{l)R global symmetry but also an additional U{1) global 
symmetry. Moreover in IflSl [Tsl the geometrical dual to these solutions was given. Rather 
remarkably our solution fits in this ansatz for the case of genus zero (the sphere). This is an 
intriguing connection and certainly hints towards a field theoretic interpretation however two 
caveats must be made; firstly that the field theories of [iSl [HI are less well understood in 
general for the case of genus zero and secondly that even within the solutions presented in 
IIT3I [181 , ours is special. Our solution, whilst a solution of eleven-dimensional supergravity, 
appears not to be a fixed point of the BPS equations of the corresponding seven-dimensional 
gauged supergravity studied in |[T3l[T8l[T9l . Moreover our solution corresponds to a particular 
limiting value of the parameters that classify the eleven-dimensional solutions in |[T3l[T8l . 

Let us remark further on some similarity with the situation considered in |[8| where the 
same SU{2) non-Abelian dualisation was performed on AdSs x S^. In that case the resultant 
geometry corresponded to a limit of the Gaiotto-Maldacena geometries 120)1 , dual to J\f = 
2 SCFTS presented in |[2T]| . Although there supersymmetry was halved by the dualisation 
whereas here it is preserved, what we have here can be viewed as an A/^ = 1 parallel to [[Sj. 
Indeed, the theories considered in |[T3l [TSU are really A/" = 1 cousins of the Gaiotto J\f — 2 
theories and can be obtained by integrating out some N" = 1 scalars contained in J\f = 2 vector 
multiplets. An interesting question to ask is if one can use a similar procedure to dualise the 
entire flow between AdSs x / Z2 and AdSs x T^'^ geometries to provide a gravity description 
of the flow between the A/" = 2 SCFTS in [21] and the A" = 1 in |[T3l[T8l . 

4 The non-conf ormal case: T-dual of the Klebanov-Tseytlin solution 

Let us now turn our attention to non-conformal backgrounds obtained by placing M frac- 
tional D3-branes i.e. D5-branes wrapping a contractible two cycle of T'^'^' as in 1221 [23[| . This 
modifies the field theory to be SU{N) x SU{N + M), hence no longer conformal. In fact this 
theory has rich RG dynamics undergoing a sequence of Seiberg dualities to lower rank gauge 
groups as one proceeds to the IR. In the IR, strong coupling dynamics takes hold giving rise to 
spontaneous Z2M-symmetry breaking, confinement and other non-perturbative effects. 

Let us here discuss the case of Klebanov-Tseytlin (KT) 1221 , details of the full Klebanov 
Strassler geometry 1231 and related A/" = 1 backgrounds |[24l will appear in f]A\. 
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The geometry is given | |22| b 

ds^ = h-^'^{r)dx\^ + h^'^{r) {dr^ + r^ds^^ ) (4.1) 
where the warping function displays the characteristic logarithmically running 

h = bo + ^Hr/r,). (4.2) 

This is supported by fluxes 

B2 = -T{r)co2 , F3 = -Pe'i' M02 , F5 = (1 + *)K{r)vo\{T^'^) (4.3) 

where the forms and CO2 are the conventional ones defined on T^'^ and may be found ex- 
plicitly in [221. 

In fact, this is a particular solution of a class of KT-geometries characterised by a set of 
functions obeying some BPS equations. Although in this letter we only consider this special 
solution it can be shown that the whole ansatz can be non-Abelian T-dualised and solves the 
supergravity equations of motion subject to the same BPS equations. 

Again we perform the non-Abelian duality with respect to an SU{2) isometry and find a 
dual geometry given by 

ds^ = h-^'^{r)dx\^ + h^^^{r) (^dr^ + ^{dOl + sin^ 9id(f>l)^ + dsl (4.4) 

dsl = 2r2Ah^/2(^r) {'^^^^^(^)^2<^l + 12(r4/2(r) + 27vl)dvl + 9{2r^h{r) + V^)dvl + lQSVv2dv2dv3^ . 
with 

A = lr%{r) + + 5Avl , V = 6^3 - T(r) . (4.5) 
This geometry is supported in the NS sector by both a dilaton and a two-form, 

B = -'^^s\rieiddid(bi + ^^Vv2CT^hdv2 + -^(2r%ir) +V^)a^hdv2, , 
6V2 A ^ 

e-^^ = ^Mr)\A. (4.6) 

In the RR sector we find 

^ P ^ lK{r) -PV . , , V2PVV2 , 3V2Pvl 

to = — , F2 = —pz — sm 9id6-i A a<*i H — cr^ A dv2 ; — -di A dv^ , 

9 54V2 ^ 3A ^ A ^ 



The dilaton is constant and we have set it equal to 1 so that there is no difference between string and Einstein 
frame. 
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sin 01^01 Ad(piAdtpA( -9(2X(r) - PV)v2dv3 + 2{Pr%{r) + VJC(r) + 17Pvl)dv2 



18A 



(4.7) 



The metric has some similarities with the case of the dualised KW theory which is to be 
expected. However, the RR sector reveals a striking difference; this is a solution of massive 
type IIA supergravity with the Roman's mass obeying a natural quantisation given by P which 
measured the number of fractional branes prior to dualisation. Indeed the Page charges of this 
solution. 



(4.8) 



show that what was D3 charge has become D6 charge and what was D5 charge has become 
D8 charge (a result which chimes well with the naive view of performing three T-dualities). 
There is no obvious cycle for D4 charge to be measure over. Before dualisation the duality 
cascade could be seen by studying the charges. Indeed, two equivalent views 125)1 of this are 
the changes seen in the D3 Maxwell charge as the radial coordinate is varied or the jumps 
in the Page charge induced by large gauge transformations such that ^ J B2 changes by an 
integer. Indeed one finds an analogous behaviour in the charges after dualisation again sug- 
gestive of some field theory cascade interpretation. One subtlety is that a change of M units in 
the charges of the KT geometry becomes a change of 2M units in the transformed geometry. 
Giving a complete field theory description of this set up remains an interesting problem, but 
is beyond the scope of this letter; see | [T4| . 

As we indicated earlier the invariance of the stringy volume of the internal manifold to be 
dualised, has strong implications for the central charge. In particular if we calculate the central 
charge following the procedure explained in Il26ll (modified slightly to accommodate a dilaton 
that may depend on the internal dimensions) one finds in the original geometry of eq. (|4.H) , 

27r3 



27A'(r)3 

and after dualisation 



(4.9) 



f=2^xl ("0) 

where A{r) is defined in 1261 and given by e^'^(') = h{r)^rT . One sees that the two agree up 
to a single RG scale invariant constant that is set by the periodicities of the dual coordinates. 
More precisely this constant I is determined entirely by the rather subtle global properties 
of the T-dual coordinates, in this case we have I = J dv3, J dv2V2. An important question 



for further study is to better understand such global issues, either via the sigma model or via 
space time considerations. 

5 Discussion 

Developing the field theory duals corresponding to these geometries represents the most ob- 
vious open problem. One approach is to consider various D brane probes and 'define' the 
field theory via its observables, calculated in a smooth background (with all IR effects taken 
into account). This analysis is already underway and shall be reported in ||T4| . Nevertheless, 
a more canonical approach, based on a careful field theory analysis following the lead of ||2T| , 
| j27| may be in order. 

We believe that as well as developing the particular cases studied above this work opens up 
many possible new lines of research. Firstly a more general classification of massive type IIA 
backgrounds that display similar signatures of cascade would be highly desirable. Equally 
one could hope to use the techniques outlined above to find new and interesting classes of 
backgrounds. Indeed in this work and other recent studies, it seems that we have only just 
started seeing the utility of these duality transformations. In principle whenever a space time 
admits a non-abelian isometry these techniques might be applicable. There are, of course, 
many such examples and we hope that further study will prove fruitful. 
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